Abstract. In this paper, we introduce the notions of generalized locally pairwise closed sets, generalized locally pairwise closed star sets, generalized locally pairwise closed star star sets on bitopological spaces and study some of their properties. The properties of the space (X, τ 1 , τ 2 ) are studied through the study of the space (X, τ 12
1 Introduction (Levine, 1970) [1] introduced the fundamental concept of generalized closed sets. He defined a set A to be generalized closed if its closure contained in every open superset of A. A bitopological space (X, τ 1 , τ 2 ) was introduced by Kelly [2] in 1963, as a method of generalizes topological space (X, τ ). Every bitopological space (X, τ 1 , τ 2 ) can be regarded as a topological space (X, τ ) if τ 1 = τ 2 = τ . In 1983, Mashhor et al. [3] introduced supra topological spaces by dropping only the intersection condition. In [4] Kandil et al. generated a supra topological space (X, τ 12 ) from the bitopological space (X, τ 1 , τ 2 ) and they studied some properties of the space (X, τ 1 , τ 2 ) via properties of the associated space (X, τ 12 ). Thereafter, a large number of papers have been written to generalize topological concepts to bitopological setting [4] [5] [6] [7] [8] [9] .
In general topology at 1988, Ganstern and Reilly [10] was studied the concepts of locally closed (LC) set and locally closed continuous ( LCcontinuous) functions. At 1996 Krishan, Palaniappan and Haruo [11] were studied the concept of generalized locally closed sets, generalized locally closed star sets, generalized locally closed star star sets and generalized locally closed continuous (GLC-continuous) functions. In this paper we introduce the notion of generalized locally pairwise closed sets, generalized locally pairwise closed star and generalized locally pairwise closed star star and study some of their properties. Also, we have used the previous concepts to define and study the concept of pairwise-submaximal and generalized pairwise submaximal P-submaximal. Finally,we study the concept of generalized locally pairwise closed (GLP C-) functions and some of their properties.
Definition 2.8. [14] Let (X, τ 1 , τ 2 ) be a bts, A ⊆ X and (A, τ 1 | A , τ 2 | A ) be a bitopological subspace of (X, τ 1 , τ 2 ). The collection τ 12 (A) is defined as a following:
Theorem 2.3. [14] Let (X, τ 1 , τ 2 ) be a bts. Suppose that B ⊆ A ⊆ X, B is a gp-closed set relative to A and A is a gp-closed set of X. Then, B is a gp-closed set relative to X.
Corollary 2.2. [14] If
A is a gp-closed set and F is P-closed set, then A ∩ F is a gp-closed set. Let (X, τ 1 , τ 2 ) be a bts and A ⊆ B ⊆ X. Then, A and B are P * − separated in X if A ∩ cl 12 (B) = φ and cl 12 (A) ∩ B = φ.
Not that if A and B are P * -separated and C ⊆ A, D ⊆ B, then C and D are P * − separated. 2 ) and (Y, γ 1 , γ 2 ) be two bitopological spaces and A be gp-closed set in (X, τ 1 , τ 2 ). (X, τ 1 , τ 2 ). Suppose that f : X −→ Y is P * -cts and f is P * -closed function, then f (A) is a gp-closed set. Theorem 2.14.
3 Generalized locally pairwise closed [resp., closed star, closed star star] sets.
In this section we defined the concepts of locally pairwise closed sets, generalized locally pairwise closed sets, generalized locally pairwise closed star sets and generalized locally pairwise closed star star sets. Also we study some of their properties and find some relations between them. Definition 3.1. Let (X, τ 1 , τ 2 ) be a bitopological space and τ 12 = {U ∪ V : U ∈ τ 1 , V ∈ τ 2 }. A set S is called locally P-closed set if S = G ∩ F where G is P-open set and F is P-closed set relative to τ 12 .
Remark 3.1. The following are well known:
1. A subset S of space (X, τ 12 ) is locally P-closed set if and only if its complement X\S is the union of a P-open set and P-closed set.
2. Every P-open (resp., P-closed ) set is locally P-closed sets.
3. The complement of locally P-closed set need not be locally P-closed set which shown by the following example.
Definition 3.2. Let (X, τ 1 , τ 2 ) be a bitopological space and τ 12 is the supra topology generated by τ 1 and τ 2 . A subset S in (X, τ 12 ) is called generalized locally pairwise closed set ( briefly, GLP C set) if S = G ∩ F where G is gp−open set and F is gp−closed set.
The collection of all (generalized) locally pairwise closed sets of (X, τ 1 , τ 2 ) denoted by GLP C [ resp., LP C]. 
Proof. Let (X, τ 1 , τ 2 ) be a bitopological space. Then, (X, τ 12 ) is a supra topological space generated by τ 1 and τ 2 .
1. Suppose that S is locally P-closed set. Then ∃ P-open set G and P-closed set F such that, S = G ∩ F . But, G is P-open set and therefore it is gp-open set, F is P-closed set, it follows that S ∈ GLP C * (X, τ 12 ). Similarly, the set F is P-closed set implies, F is gp-closed set. So, S ∈ GLP C * * (X, τ 12 ).
2. Let S ∈ GLP C * (X, τ 12 ). Then, there exist gp-open G and P-closed set F such that S = G ∩ F . But, every P-closed set is gp-closed set.
Theorem 3.1. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, for a subset S in (X, τ 12 ) the following are equivalent:
Proof.
(1) =⇒ (2). Let S ∈ LP C(X, τ 12 ). Then, ∃ P -open set G and P-closed set F such that S = G ∩ F . Since, S ⊆ G and S ⊆ F and F is P-closed set which implies that
(2) =⇒ (1). Since G is P -open set and cl 12 (S) is P-closed set, then G ∩ cl 12 (S) ∈ LP C(X, τ 12 ) by Definition 3.1.
(2) =⇒ (3). Let S = P ∩ cl 12 (S) and P be a P -open set. Then,
We have cl 12 (S) is P-closed set and P c is P -closed set then, cl 12 (S) ∩ P c is P -closed set. Hence, cl 12 (S)\S is a P -closed set.
(3) =⇒ (2). We want to find a set P which is P -open set such that S = P ∩ cl 12 (S). Take Theorem 3.2. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, for a subset S of (X, τ 12 ) the following are equivalent:
S ∪ (X\cl 12 (S))
is gp-open set.
Proof. (1) =⇒ (2). Let S ∈ GLP C * (X, τ 12 ). Then ∃ gp-open set P and P-closed set F such that S = P ∩ F . Since, S ⊆ P and S ⊆ F and F is P-closed set which implies that cl 12 (S) ⊆ F . Then, S ⊆ P ∩ cl 12 (S). Conversely, S = P ∩ F ⊇ P ∩ cl 12 (S). Hence, S = P ∩ cl 12 (S).
(2) =⇒ (1). Since P is a gp-open set and cl 12 (S) is a P-closed set, then, P ∩ cl 12 (S) ∈ GLP C * (X, τ 12 ) by Definition 3.3.
(2) =⇒ (3). Let S = P ∩ cl 12 (S) where P is a gp-open set. Then, cl 12 (S)\S = cl 12 (S) ∩ [P c ∪ (cl 12 (S)) c ] = cl 12 (S) ∩ P c ∪ φ = cl 12 (S) ∩ P c . We have cl 12 (S) is P-closed set and P c is gp-closed set then, by using Corollary 2.2, we get cl 12 (S) ∩ P c is a gp-closed set. Hence, cl 12 (S)\S is a gp-closed set.
(3) =⇒ (2). We want to find a set P which is gp-open set such that S = P ∩ cl 12 (S). Take Remark 3.3. In Example 3.2, if we take S = {a, b}, then S ∈ GLP C * (X, τ 12 ). But, int 12 (S ∪ (X\cl 12 (S)))= int 12 {a, b} = {a} S ( by Theorem 3.2) . Theorem 3.3. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, for a subset S in (X, τ 12 ). If S ∈ GLP C * * (X, τ 12 ), then P ∩ int 12 (S) ⊆ S for some gp-closed set P .
Proof. Let S ∈ GLP C * * (X, τ 12 ). Then ∃ gp-closed set P and P-open set G such that S = P ∩ G. Since, S ⊆ P , then int 12 (S) ⊆ P , which implies that P ∩ int 12 (S) ∩ S ⊆ S ∩ P = S. Hence, P ∩ int 12 (S) ⊆ S. Definition 3.5. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, a set A is pairwise dense (P − dense) in X if cl 12 (A) = X. Definition 3.6. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, a space X is called pairwise-submaximal [ briefly P-submaximal ] if every P-dense subset is P-open set.
Definition 3.7. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . A space X is called generalized pairwise-submaximal if every P-dense subset is gp-open set.
Corollary 3.1. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, P (X) = LP C(X, τ 12 ) if and only if the space X is P -submaximal.
Proof. Necessity: Let S be a P-dense subset of (X, τ 12 ). Then, cl 12 (S) = X and by Theorem3.1 (4) we get, S = S ∪ (X\cl 12 (S)). So, S ∈ LP C(X, τ 12 ) then, S is P -open set. Hence, X is P -submaximal. Sufficiency: Let S ∈ P (X) and take U = S ∪ (X\cl 12 (S)). Then, cl 12 (U ) = cl 12 (S) ∪ cl 12 [cl 12 (S)] c . So, cl 12 (U ) = X then we get, U is P -open set. But, S = U ∩ cl 12 (S) and cl 12 (S) is P-closed set. This implies that S ∈ LP C(X, τ 12 ). Therefore, P (X) ⊆ LP C(X, τ 12 ) but in general we have, LP C(X, τ 12 ) ⊆ P (X). Hence, LP C(X, τ 12 ) = P (X).
Corollary 3.2. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, P (X) = GLP C * (X, τ 12 ) if and only if the space X is gp-submaximal.
Proof. Necessity: Let S be a P-dense subset of (X, τ 12 ). Then, cl 12 (S) = X and by Theorem3.2 (4) we get, S = S ∪ (X\cl 12 (S)). So, S ∈ GLP C * (X, τ 12 ) then, S is gp-open set. Hence, X is a gp-submaximal. Sufficiency: Let S ∈ P (X) and take U = S ∪ (X\cl 12 (S)). Then, cl 12 (U ) = cl 12 (S) ∪ cl 12 [cl 12 (S)] c . So, cl 12 (U ) = X then we get, U is gp-open set. But, S = U ∩ cl 12 (S) and cl 12 (S) is P-closed set. This implies that S ∈ GLP C * (X, τ 12 ) therefore, P (X) ⊆ GLP C * (X, τ 12 ) but in general we have, GLP C * (X, τ 12 ) ⊆ P (X). Hence, GLP C * (X, τ 12 ) = P (X).
Remark 3.4. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . If the space X is Psubmaximal, then it is gp−submaximal but the converse is not true. (See Example 3.2 which shows P (X) = GLP C * (X, τ 12 ) but LP C(X, τ 12 ) = P (X)). 
If
A ∈ GLP C * * (X, τ 12 ) and B is P-closed , then A ∩ B ∈ GLP C * * (X, τ 12 ).
A ∈ GLP C(X, τ 12 ) and B is P-closed , then, A ∩ B ∈ GLP C(X, τ 12 ).
Proof. (1) Let A ∈ GLP C * * (X, τ 12 ). Then, ∃ P-open set Q and gp-closed set P such that A = P ∩ Q. Take B ⊆ X which is P-closed set this implies that A ∩ B = Q ∩ P ∩ B. But, P ∩ B is gp− closed set ( by Corollary 2.2 ). Hence, A ∩ B ∈ GLP C * * (X, τ 12 ).
(2) Let A ∈ GLP C(X, τ 12 ). Then, ∃gp-open set F and gp-closed set G such that A = F ∩ G. Take B ⊆ X which is P-closed set therefore, B ∩ G is gp-closed set. Hence, A ∩ B ∈ GLP C(X, τ 12 ).
Remark 3.5. In Theorem 3.4 we can note that: (1) if B is P-open set, then A ∩ B is not necessary belong to GLP C * * (X, τ 12 ).
(2) if B is P-open set, then A ∩ B is not necessary belong to GLP C(X, τ 12 ), (see Example 3.4).
Example 3.4. Let X = {1, 2, 3, 4, 5}, τ 1 = {X, φ, {1, 2, 3}} and τ 2 = {X, φ, {3, 4, 5}}. Then, τ 12 = {X, φ, {1, 2, 3}, {3, 4, 5}} , τ c 12 = {X, φ{4, 5}, {1, 2}}. Take A = {1, 2, 3} , B = {3, 4, 5}. So, A ∈ GLP C * * (X, τ 12 ), B ∈ τ 12 but, A ∩ B = {3} / ∈ GLP C(X, τ 12 ) and A ∩ B / ∈ GLP C * * (X, τ 12 ).
Theorem 3.5. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Suppose A and B are subsets of X and A ⊆ B. If B is gp-closed set in (X, τ 12 ) and A ∈ GLP C * * (B, τ 12 | B ), then, A ∈ GLP C * * (X, τ 12 ).
Proof. Let B be a gp-closed set in X and A ∈ GLP C * * (B, τ 12 | B ). Then, there exist P-open set Q of (B, τ 12 | B ) and gp-closed set M of (B, τ 12 | B ) such that, A = Q ∩ M but we have Q = B ∩ S for some S ∈ τ 12 and M is gp-closed set in
Definition 3.8. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, Proof.
Note that the family of LP O(X, τ 12 ) may be not a topology and may be not supra topology on X as shown in the following Example 3.5.
Example 3.5. Let X = {a, b, c, d}, τ 1 = {X, φ, {a, b}} , τ 2 = {X, φ, {b, c}}. Then, τ 12 = {X, φ, {a, b}, {b, c}, {a, b, c}} , τ c 12 = {X, φ{c, d}, {a, d}, {d}} and LP O(X, τ 12 ) = {X, φ, {a, b}, {b, c}, {a, b, c}, {c, d}, {a, d}, {d}, {a, b, d}, {b, c, d}}. We have, {a, b} ∩ {a, d} = {a} / ∈ LP O(X, τ 12 ) and {c, d} ∪ {a, d} = {a, c, d} / ∈ LP O(X, τ 12 ). Therefore, LP O(X, τ 12 ) neither topology not supra topology on X.
Theorem 3.6. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, for a subset S in (X, τ 12 ) the following are equivalent:
1. S ∈ LP O(X, τ 12 ).
2. S = F ∪ int 12 (S)for some P -closed set F .
4. S\int 12 (S) is P -closed set.
5. S ⊇ cl 12 (S\int 12 (S)).
(2) =⇒ (1). Let S = F ∪ int 12 (S), F is P-closed set and we have int 12 (S) is P-open set. Hence, S ∈ LP O(X, τ 12 ).
(2) =⇒ (3). Let S = F ∪ int 12 (S) for some P-closed set Theorem 3.7. Let (X, τ 1 , τ 2 ) be a bitopological space and (X, τ 12 ) is the supra topological space generated by τ 1 and τ 2 . Then, for a subset S in (X, τ 12 ) the following are equivalent:
1. S ∈ GLP O * (X, τ 12 ).
2. S = F ∪ int 12 (S) for some gp-closed set F . 
